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As we know, the definition of the derivative f(z) can be stated as follows:
’ 1 Y
f@)=lim=—= - (1)

It is understood here that Ax is nonzero change in the independent variable x, and that
Ay=f(z+Ax)—f(x) is the corresponding change in y. We introduced the equivalent

notation -+-(2)

for this derivative, and we emphasized there that (2) is a single symbol and not a
fraction. However, it is certainly true that (2) looks like a fraction, and in some

circumstances it even acts like one. The most important example of this is the chain
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rule,

dy du_ dy g _ dy
du dx dr dx
where the correct formula for the derivative of a composite function is obtained by

canceling as if the derivative were fractions.

Our present purpose is to give individual meanings to the pieces of (2), namely to dy
and dx, in such a way that their quotient is indeed the derivative f(z). Our reasons for
doing this are difficult to explain in advance. Suffice it to say that this notational device
1S a necessary prelude to the powerful computational methods introduced in this
chapter—integration by substitution, and the solution of certain differential equations by

separating the variables.

We begin by considering the special case in which y is a linear function of =z.

y=mx+b - (3) Figure A
I
Let P=(x, y) be a point on this line <Fig. A>. If = is given R
an increment Ax and if the corresponding increment in y is Ay, P id}zm
L i *0Q
then the slope of the line (3) is | deEAx
y! :
change iny Ay T :
change in x Ax - e
So Figure B
Ay=mAx (4). 1
When working in this way with increments along a straight S
line, we denote these increments by the symbols dx and dy, "R
° ety
so that by definition. yidFmJ: 0
dr=Ax and dy=Ay i . .
X b TAY.

and we call them differentials. With this notation (4) becomes
dy=mdz - (5).

Now consider an arbitrary function
y=f(z) - (6)

and assume that this function has a derivative at z. If P is the corresponding point on
the graph, then the tangent at P is the straight line PR with slope m=f"(z). By the
differential dz and dy arising from (6), we mean the increment in the variables z and y
that are associated with this tangent line. To state this more precisely, the differential

dx of the independent variable z is any increment Az in x, as shown
de=Ax - (7);

and the differential dy of the dependent variable y is the corresponding increment in y

along the tangent line, namely,

dy=f"(x)dz - (8).
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Thus, as <Fig. B> shows, if de=Ax=P is any change in =z, then Ay= QS and
dy= @R are the corresponding changes in y along the curve and along the tangent line,
respectively. We observe that (8) reduces to (5) when f(z)=ma+b, if dz, then we can
divide (8) by it and obtain

d ,
_y:f () -(9).

dx

Up to thus point equation (9) has been trivially true because its two sides have been
merely two different ways of writing the same thing, namely the derivative if the
function y=f'(x). The new feature of (9) in our present discussion is that now the

Leibniz symbol on the left not only looks like a fraction but is a fraction.

1) 9 < a%sta —L7F B40%] opdA ) s At
X

2) o] 24 Awela Q= Aol wek B Aol wge] G 48 Hold

d(z* =322 —3)=( Vdx
> M2t 22y
FRAAY o)kt ol Aol fAYUT AAA FAEe] A9 BRuAY =&
FEe o), Qo] Fevt wF BFE FAL AQUY. BE oleld A f7o] Avi 3
gEAE o 4 glod A7 o ABUeAE dolERsalies ARe AN dud
a8 HelA 9ol BAS geolngsn
ol BAE SAEel & THd s BAl 9L mae] $4esl ohdsbebe FAlel B ool
MARs el AR 93 g AQUTh ohdle) W44 volse Fxd 9 FRE 4
she] al4lelal el Wae] FEE0l A4W AU Folt oAl HA2 WAL,

derivative : =3F<=(derive(ZojUith) ol A 3}A4)

chain rule : <12 =

composite function : A3t

canceling : °F&

quotient : =

Suffice it to say that : (AF&) ~gtawt 48] F2+ ; ~gtx wabH =&
notational device : L7149 A,
integration by substitution : X3+ &
differential equations by separating the variables : Wi g o] o3 w]EulA4 2]
differentials : 7|

this function has a derivative at x : ©] = xFolA H|EAFE Zk=1)
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